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Abstract
Metrizable spaces which have no closed subset homeomorphic to the real halfline are considered.
Complete-metrizability of such locally arcwise connected spaces is proved (Corollary 4) and a simple
formula for a complete metric is given in Theorem 3.
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The aim of this paper is to prove that each locally arcwise connected metrizable space
with the fixed point property is complete-metrizable. In Theorem 1 we give a condi-
tion under which a metric space has no closed subset homeomorphic to the real halfline
R+ = [0,+∞). Next, a simple formula for a metric in which all open balls are connected
(in a locally connected metrizable space) is given in Theorem 3. Finally we prove that such
a metric is complete in locally arcwise connected spaces with no closed subset homeomor-
phic to R+ (Corollary 4).
In this paper Bd(a, r) (respectively Bd(a, r)) stands for the open (respectively closed)
balls with respect to the metric d and δd(A) for the diameter of a set A = ∅ with respect
to d , i.e. δd(A) = supa,b∈A d(a, b) ∈ [0,+∞]. A is said to be d-bounded if δd(A) < +∞.
By R+ = [0,+∞] we denote the Alexandrov compactification of R+.
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(i) X has no closed subset homeomorphic to R+,
(ii) for any decreasing sequence (Fn)∞n=1 of arcwise connected nonempty subsets of X the
set
⋂∞
n=1 Fn is nonempty.
Proof. (ii) ⇒ (i): Assume that A ⊂ X is closed and homeomorphic to R+ and let
h :R+ → A be a homeomorphism. Put Fn := h([n,+∞)) (n  1). Since A is closed [in
X] (and h is a homeomorphism), so is each Fn. Moreover, it is an arcwise connected
set. Therefore, by (ii), ⋂∞n=1 Fn = ∅. But this intersection is equal to
⋂∞
n=1 h([n,+∞)) =
h(
⋂∞
n=1[n,+∞)) = ∅, which gives a contradiction.
(i)⇒ (ii): Let (Fn)∞n=1 be any decreasing sequence of arcwise connected nonempty sub-
sets of X. Assume that
⋂∞
n=1 Fn = ∅. Let an be any element of Fn (n 1). Since Fn+1 ⊂
Fn and Fn is arcwise connected, there exists a continuous mapping γn : [n − 1, n] → Fn
such that γn(n − 1) = an and γn(n) = an+1. We see that γn−1(n − 1) = γn(n − 1) and
γn(n) = γn+1(n) (n 1), thus γ :=⋃∞n=1 γn is a continuous mapping from R+ to F1. We
claim that A := γ (R+) is closed in X and γ is perfect (i.e. γ−1(K) is compact for a com-
pact subset K ⊂ A). Indeed, if (tn)∞n=1 ⊂R+ is such a sequence that γ (tn) → a ∈ X, then
it has to be bounded. To see this, assume it is unbounded. We may assume (choosing an
appropriate subsequence) that tn  n − 1 (n 1). This means that γ (tn) ∈ Fm for nm
and hence a ∈ Fm for any m  1, which contradicts the assumption that the intersection
of all such closures is empty. Thus (tn)∞n=1 is bounded provided (γ (tn))∞n=1 is convergent
(in X). But this implies that A is closed and γ is perfect, and therefore A is a locally com-
pact space. Now let Aˆ = A ∪ {ω} (ω /∈ A) be the Alexandrov compactification of A. Let
γˆ : R+ → Aˆ be the extension of γ with γˆ (+∞) = ω. Since γ is perfect, γˆ is continuous.
So Aˆ is a continuous image of a locally connected (metrizable) continuum and hence the
same property has Aˆ. Now by the theorem of Mazurkiewicz [2] and Moore [3], there ex-
ists a homeomorphism l : [0,1] → B ⊂ Aˆ such that l(0) = γ (0) and l(1) = ω. Since h is
one-to-one, l([0,1)) = B \ {ω} ⊂ A and B \ {ω} is closed in A. Thus we have obtained a
closed subset of X which is homeomorphic to the space R+. This finishes the proof. 
Now we can prove the main result of the paper.
Theorem 2. Let X be a locally arcwise connected and connected metrizable space with no
closed subset homeomorphic to R+. If d is a metric on X (inducing the given topology) in
which all open balls are connected, then it is complete.
Proof. Since X is locally arcwise connected, any open and (simultaneously) connected
subset of it is arcwise connected. Let d be a metric on X with connected (open) balls. Let
(xn)
∞
n=1 be a sequence in (X,d) which satisfies the Cauchy condition. We may assume
(choosing an appropriate subsequence) that
d(xn, xm)
1
for nm. (1)
2n+1
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and therefore locally connected. Moreover, by (1), Fn ⊃ Fn+1. Hence, by Theorem 1,⋂∞
n=1 Fn = ∅. But δd(Fn) → 0, so there exist the only x ∈ X such that
x ∈ Fn (2)
for any n 1. Finally, by (2), we have d(xn, x) 12n and thus (xn)n is convergent. 
To apply the above result we need the following well-known theorem, the proof of
which can be found in Whyburn [4, Theorem VIII.9.1].
Theorem 3. If (X,d) is a locally connected and connected metric space, then the mapping
 :X × X →R+ given by the formula
(x, y) = inf{δd(C): x, y ∈ C ⊂ X, C is connected and d-bounded
} (3)
is a well-defined metric equivalent to d . Moreover,   d and all open balls with respect
to  are connected.
Corollary 4. If X is a locally arcwise connected metrizable space with no closed subset
homeomorphic to R+, then X is complete-metrizable.
Proof. Since X is locally connected, all its components are open-closed and that is why it
is enough to prove that each component of it is complete-metrizable. But this follows from
Theorems 3 and 2. 
As an immediate consequence of Corollary 4 we obtain the following:
Theorem 5. If X is a locally arcwise connected metrizable space with the fixed point
property, then it is complete-metrizable. What is more, for any metric d on X (compatible
with the topology of X) the corresponding metric  given by the formula (3) is complete.
Proof. Since R+ is an absolute retract (for normal spaces) and does not have the fixed
point property, X has no closed subset homeomorphic to the real halfline. Now it suffices
to apply Corollary 4. 
To end the paper, we give an example which explains that the local arcwise connected-
ness is an important assumption.
Example 6. Let A ⊂R be a nonempty subset and X =⋃a∈A[(0,1), (a,0)], where [f,g] ={(1 − t)f + tg: t ∈ [0,1]}. The space X, considered with the topology induced from the
natural one of the real plane, is arcwise connected and has the fixed point property.1 But, if
A is not complete-metrizable and dense in R, e.g. A =Q, X is not locally connected and
not complete-metrizable.
1 It is not difficult to prove that if f :X → X is continuous and f (0,1) = (0,1), then f (x) = x for some
x ∈ [(0,1), (a,0)], where a ∈ A is such that f (0,1) ∈ [(0,1), (a,0)].
1642 P. Niemiec / Topology and its Applications 153 (2006) 1639–1642Remark 7. As was observed by the Referee of the paper, there exists a locally con-
nected and arcwise connected (metrizable) space with the fixed point property which is
not complete-metrizable. Such a space can be obtained as follows. It was shown by Ku-
ratowski and Knaster [1] that there exists an infinite subset A of the Sierpin´ski triangular
curve which is connected but contains no perfect subset. Since the Sierpin´ski triangular
curve is regular, it is also hereditarily locally connected and therefore A is locally con-
nected (see, e.g. Whyburn [4, V.2.5]) and so is the cone over A. Moreover, the cone over A
is arcwise connected and has the fixed point property, since A contains no nontrivial curve.
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